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Abstract
In the Galois projective plane of square order q, we show the existence of small dense
(k; 4)-arcs whose points lie on two conics for q odd, and on two hyperovals for q even. We
provide an explicit construction of (4
√
q− 4; 2)-arcs for q even, and we also show that they are
complete as far as q6 1024.
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1. Introduction
A (k; n)-arc in PG(2; q), the Galois projective plane of order q, is a set of k points
no (n+1) of which are collinear; a (k; 2)-arc is simply indicated as k-arc. A (k; n)-arc
K is said to be complete if it is not contained in any (k + 1; n)-arc, and it is called
dense (or saturated) if any point of PG(2; q) belongs to a line joining two points
of K. For a k-arc, completeness and density are equivalent.
Complete (k; n)-arcs have been thoroughly investigated, also in connection with cod-
ing theory. Indeed, they provide examples of [k; 3; k − n] linear codes which cannot be
embedded in a [k+1; 3; k+1−n] linear code [11]; for n=2 these codes are maximum-
distance separable, and their dual are 1-error correcting and quasi-perfect [5].
 The research was performed within the activity of GNSAGA of the Italian CNR, with the >nancial
support of the Italian Ministry MIUR, project “Strutture geometriche, combinatoria e loro applicazioni”,
PRIN 1999-2000.
∗ Corresponding author. Tel.: +39-75-5855009; fax: +39-75-5855024.
E-mail addresses: faina@dipmat.unipg.it (G. Faina), giuliet@dipmat.unipg.it (M. Giulietti).
0012-365X/03/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S0012 -365X(02)00607 -6
114 G. Faina, M. Giulietti / Discrete Mathematics 267 (2003) 113–125
For a complete k-arc K in PG(2; q), if q is odd then k6q + 1 and equality holds
by Segre’s Theorem in the only case where K consists of the points of an irreducible
conic of PG(2; q). For q even, the above bound becomes k6q+2 and a conic plus its
nucleus provides an example of a complete (q + 2)-arc, called regular hyperoval. On
the other hand, not much is known so far about small complete arcs, apart from the
incompleteness of any k-arc with k6 12 (3+
√
8q+ 1). This gives a lower bound for the
size of small complete k-arcs, known as the Lunelli–Sce bound. Although such a bound
can be proved by a very simple counting argument, the very few small known complete
k-arcs which have been obtained by explicit construction far exceed the Lunelli–Sce
bound [4, Chapter 9; 16, Section 4; 8].
For the size of a dense (k; n)-arc with n¿3 there are bounds similar to the Lunelli–
Sce bound (see [1]). In planes of square order, these bounds are sharp regarding their
order of magnitude: in [15,17] examples of dense (3
√
q;
√
q+ 1)-arcs are constructed.
Nevertheless, very little is known about small dense (k; n)-arcs for small n.
In this paper we provide examples of small dense (k; 4)-arcs and complete k-arcs
for q square. In Sections 3–5, we consider almost complete k-arcs K on a conic C
(for odd q) and on a hyperoval C (for even q), which are subsets of C having the
property that through every point of PG(2; q)\C there is a line meeting the subset in
at least two points. A motivation for the study of almost complete k-arcs is given by
the fact that the union of two almost complete k-arcs lying on distinct conics (for
odd q), or hyperovals (for even q) is a dense (2k; 4)-arc. We show that if q is square
then C contains almost complete k-arcs of size k ≈ (2 log2 q)
√
q provided that C is
de>ned over a sub>eld of order
√
q. It should be noticed that the almost complete arcs
whose existence was pointed out in [10] by probabilistic method are smaller than ours,
but our approach is constructive and allows us to >nd and investigate some interesting
features of almost complete arcs.
In addition, in Section 6 we describe an in>nite family of (4(
√
q − 1))-arcs in
PG(2; q), q even, including complete arcs for q61024. These arcs seem to be the
smallest complete k-arcs known up to know for q=256 and q=1024.
2. Notation and statement of the results
Throughout the whole paper we >x the following notation:
• q=p2r , with p a prime number;
• Fq (resp. F√q) the >nite >eld of order q (resp. √q);
• LF√q the algebraic closure of F√q;
• PG(2; q) (resp. PG(2;√q)) the Galois projective plane over Fq (resp. F√q);
• (X; Y; Z) homogeneous coordinates for PG(2; q), and x=X=T , y=Y=T the corre-
sponding aMne coordinates;
• for q odd, C an irreducible conic of PG(2; q) de>ned over F√q; for q even, C an
irreducible conic de>ned over F√q plus its nucleus (or brieNy a regular hyperoval
de>ned over F√q).
• K :=C∩PG(2;√q);
• G the subgroup of PGL(3; q) >xing C;
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• GP1 ; P2 the subgroup of G >xing both points P1 and P2 of K;
• ! an element of Fq\F√q satisfying !2 + !+ d=0, with d∈F√q;
• K! := {(; 1=; 1); (!; 1=!; 1); (; !
√
q−1=; 1); (!
√
q; 1=!; 1) | ∈F√q;  
=0};
• 1 := 4=(1 + 2), 2 := 4=(1 + 2), where  := (√q − 1)2=2√q(q + 1) and
 := (2 4
√
q3 + 4
√
q + −2 4√q − 4)=(q − 1); we remark that ¡ 12 , ¡ 12 for q¿272,
and that both 1 and 2 goes to 0 as q increases.
Notice that for q odd we have #C= q + 1 and #K=
√
q + 1, whereas for q even
#C= q+ 2 and #K=
√
q+ 2.
Denition. Let D be a subset of PG(2; q). A secant of D is a line joining two distinct
points of D. A point P∈PG(2; q) is covered by D if it belongs to a secant of D.
Denition. An almost complete k-arc is a k-arc covering all the points of the plane,
but some points of a conic.
Observation 2.1. If C and C′ are disjoint conics of PG(2; q) for q odd, or disjoint
regular hyperovals for q even, then the union of two almost complete k-arcs covering
PG(2; q)\C and PG(2; q)\C′, respectively is a dense (2k; 4)-arc in PG(2; q).
In the rest of the paper we will prove the following theorems; the corollaries follow
from Observation 2.1.
Theorem 2.2. Suppose p=2. Let A be the orbit of K under the action of G. Then
for any integer l¿2 log2 q, there exist l elements in A such that their union is an
almost complete k-arc in PG(2; q) with k6l(
√
q+ 2).
Corollary 2.3. If p=2, then for any integer l¿2 log2 q there exists a dense (k; 4)-arc
in PG(2; q) with k62l(
√
q+ 2).
Theorem 2.4. Suppose p¿2. Let A be the orbit of K under the action of G. Then
for any integer l¿2 log2−1 q, there exist l elements in A such that their union is an
almost complete k-arc in PG(2; q) with k6l(
√
q+ 1).
Corollary 2.5. If p¿2, then for any integer l¿2 log2−1 q there exists a dense (k; 4)-
arc in PG(2; q) with k62l(
√
q+ 1).
Theorem 2.6. Suppose p¿2 and q¿272, so that ¡ 12 . Let P1; P2∈K and B be the
orbit of K under the action of GP1 ; P2 . Then for any integer l¿2 log2−2 q there exist
l elements in B such that their union covers all the points of the plane PG(2; q), but
some points of C and some points of two lines.
Theorem 2.7. Suppose p=2. Then the set K! is a 4(
√
q−1)-arc. For q=16; 64; 256
the arc K! is complete; for q=1024 K! is complete if and only if != 341, where
 is a primitive element of F1024 such that 10 + 6 + 5 + 3 + 2 + + 1=0.
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3. Proof of Theorem 2.2
First of all, we recall some basic properties of the group G (see [4, Corollaries 7.14,
7.15]).
Proposition 3.1. The group G is isomorphic to PGL(2; q) and its action on C is
sharply 3-transitive on C minus its nucleus. So #G=(q+ 1)q(q− 1).
Now we study the action of G on PG(2; q) and on K.
Lemma 3.2. The group G acts transitively on PG(2; q)\C.
Proof. See Lemma 22.6.5 in [6].
Lemma 3.3. The stabilizer of K in G has order (
√
q + 1)
√
q(
√
q − 1); therefore
#A=(q+ 1)
√
q.
Proof. Let H be the subgroup of PGL(3;
√
q) >xing K, considered as a subgroup of
PGL(3; q). Observe >rst that H⊂G: for, if h∈H then K⊂h(C)∩C and hence, from
#K= q + 2¿5, we have that h >xes C. Now let g∈G such that g(K)=K and let
P1; P2; P3 be points ofK, all diPerent from the nucleus of C. Then, by Proposition 3.1,
there exists h∈H⊂G such that h(Pi)= g(Pi), for i=1; 2; 3; by the strict 3-transitivity
of G we have g= h. Therefore the stabilizer of K in G is equal to H ; again by
Proposition 3.1 it has order (
√
q+ 1)
√
q(
√
q− 1).
The following observation may be considered the key lemma of the Theorem.
Lemma 3.4. Any element of A covers (q−1)(1+(q+2√q)=2) points of PG(2; q)\C.
Proof. It is suMcient to prove that K covers (q − 1)(1 + (q + 2√q)=2) points of
PG(2; q)\C. Since K is a complete arc in PG(2;√q), it covers the q − 1 points in
PG(2;
√
q)\C. Moreover, any secant of K contains q−√q points of PG(2; q)\PG(2;√
q); since any two secants of K intersect in a point of PG(2;
√
q), we have that K
covers (
√
q+2
2 )(q−
√
q) points of PG(2; q)\PG(2;√q). Since
q− 1 +
(√
q+ 2
2
)
(q−√q)= (q− 1)
(
1 +
q+ 2
√
q
2
)
the lemma is proved.
Now we can prove the Theorem in two ways, the second providing a construction
of the almost complete arc.
First proof of Theorem 2.2. We will say that (K1; : : : ;Kl)∈Al covers a point P if Ki
covers P for some i∈{1; : : : ; l}. From Lemma 3.2, the number m of elements of A
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that does not cover a >xed point P is constant for P =∈C; so
m=
(#(PG(2; q)\C)− n)#A
#(PG(2; q)\C) ;
where n=(q− 1)(1+ (q+2√q)=2) is the number of points of PG(2; q)\C covered by
any element of A (Lemma 3.4). An easy calculation gives
m=(q+ 1)
√
q
(
1
2
− 1
q+ 1
− 2q−
√
q
2q
√
q+ 2
√
q
)
¡
(q+ 1)
√
q
2
:
Therefore the number of elements of Al that do not cover a point P =∈C is ml¡(((q+
1)
√
q)=2)l. Now suppose that there exists P0 =∈C that is not covered by any element
of Al; then #Al¡ml#(PG(2; q)\C), and this yields l¡ log2 (q2 − 1), a contradiction
since l¿2 log2 q. So there exists (K1; : : :Kl)∈Al covering all points in PG(2; q)\C,
and easily
⋃l
i=1Ki is an almost complete arc of size k6l(
√
q+ 2).
Second proof of Theorem 2.2. As in the >rst proof, we have that for each point P =∈C
there are at least ((q + 1)
√
q)=2 elements of A covering P. We can then prove the
following assertion:
Assertion. Let D⊂PG(2; q)\C, #D=d; then there exists an element in A covering
s¿d=2 points of D.
Proof. The number of pairs (P;H) such that P∈D, H∈A, P is covered by H is
not less than d(q + 1)
√
q=2. So the arithmetical mean of the points of D covered by
an element of A is not less than d=2; then the claim follows easily.
Now we de>ne a sequence K1; : : : ;Kl of elements of A by induction. We let
K1 :=K; for i¿1 we let Di be the set of the points of PG(2; q)\C not covered by⋃i−1
j=1Kj, and we letKi covering at least 1=2 of the points of Di. Since from Lemma 3.4
K1 covers more than 1=2 of the points of PG(2; q)\C, we have that
⋃i
j=1Kj covers
more than (2i − 1)=2i of the points of PG(2; q)\C. Finally, since l¿2 log2 q, we have
that
⋃l
j=1Kj is an almost complete arc of size k6l(
√
q+ 2).
4. Proof of Theorem 2.4
As in the previous section, we recall some basic facts about C and G (see [4,
Corollaries 7.14, 7.15; Chapter 8]).
Proposition 4.1. (1) There exist (q2−q)=2 points of PG(2; q)\C, called internal points
to C, which are contained in no tangents of C.
(2) There exist (q2 + q)=2 points of PG(2; q)\C, called external points to C, which
are contained in exactly two tangents of C.
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(3) The group G is isomorphic to PGL(2; q) and its action on C is sharply
3-transitive. So #G=(q+ 1)q(q− 1).
For the rest of the section we let I be the set of the internal points to C, and E
be the set of the external points to C. Now we study the action of G on PG(2; q) and
on K.
Lemma 4.2. The group G acts on the set of points of PG(2; q) with 3 orbits: C, I
and E.
Proof. See Lemma 22.6.5 in [6].
Lemma 4.3. The stabilizer of K in G has order (
√
q + 1)
√
q(
√
q − 1); therefore
#A=(q+ 1)
√
q.
Proof. The proof is similar to the proof of Lemma 3.3.
The following observation may be considered the key lemma of the Theorem.
Lemma 4.4. Any element of A covers (q2 + q)=2 points of PG(2; q)\C; we have that
(q2 +q
√
q−q−√q)=4 of those points are internal to C, and (q2−q√q+3q+√q)=4
are external to C.
Proof. It is suMcient to prove that the assertion is valid for K. Let L be any secant
of K and let Q be its pole with respect to C; since Q∈E, there are exactly (q− 1)=2
secants of C through Q, which are the polar lines of the internal points of L. So
#(L∩I)= #(L∩E)= (q − 1)=2. Moreover, L∩PG(2;√q)⊂L∩E since the polar
line of any P∈PG(2;√q) is de>ned over F√q and so it intersect C in two distinct
points. As in the proof of Lemma 3.4 we get that K covers
q+
(√
q+ 1
2
)
(q−√q)= q
2 + q
2
points of PG(2; q)\C; then we easily have that(√
q+ 1
2
)(
q− 1
2
)
=
q2 + q
√
q− q−√q
4
of them are internal to C and
q+
(√
q+ 1
2
)(
q− 2√q+ 1
2
)
=
q2 − q√q+ 3q+√q
4
of them are external to C.
Proof of Theorem 2.4. The proof is similar to the >rst proof of Theorem 2.2. From
Lemma 4.2, the number mI (resp. mE) of elements of A that do not cover a >xed
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point P is constant for P∈I (resp. P∈E); so we have that:
(a) mI=((#I − nI)#A)=#I, where nI=(q2 + q√q − q −√q)=4 is the number of
points of I covered by any element of A (Lemma 4.4).
(b) mE=((#E − nE)#A)=#E, where nE=(q2 − q√q + 3q + √q)=4 is the number of
points of E covered by any element of A (Lemma 4.4).
An easy calculation gives mI¡((q+1)
√
q)=2 and mE=(q+1)
√
q( 12 + ). Therefore,
for any P =∈C, the number of elements of Al that do not cover P is less than or equal
to m := (q+ 1)l
√
ql( 12 + )
l. Now suppose that there exists P0 =∈C that is not covered
by any element of Al; then #Al¡ml#(PG(2; q)\C), and this yields l¡ log2=(1+2) q2
since ¡ 12 ; this is a contradiction since 1 = 4=(1 + 2) and l¿2 log2−1 q. So there
exists (K1; : : :Kl)∈Al covering all points in PG(2; q)\C, and easily
⋃l
i=1Ki is an
almost complete arc of size k6l(
√
q+ 1).
5. Proof of Theorem 2.6
In this section we >x two points P1 and P2 of K, and we consider the group
H :=GP1 ; P2 . We also let L1 and L2 be the tangent of C at P1 and P2, respectively, and
let C := {C1 =C;C2; : : : ;Cq−1} be the irreducible conics of PG(2; q) that are tangent
to Li at Pi for i=1; 2.
First of all we study the action of H on PG(2; q) and on K.
Lemma 5.1. The group H acts on the set of points of PG(2; q) with q + 6 orbits:
{P1}, {P2}, Ci\{P1; P2} for i=1 : : : q − 1, two orbits of size (q − 1)=2 contained in
the line joining P1 and P2, the point O :=L1∩L2, L1\{P1; O}, and L2\{P2; O}.
Proof. We may assume that C has equation X Y =T 2 and that P1 = (1; 0; 0) and P2 =
(0; 1; 0). Therefore L1 : Y =0, L2 : X =0, O=(0; 0; 1) and C := {X Y = %T 2 | %∈Fq;
% 
=0}. Moreover, it is easy to see that H = {’' | '∈Fq; ' 
=0}, where
’'(x; y)=
(
'x;
y
'
)
:
Then it is clear that the following sets are orbits under the action of H in PG(2; q):
{P1}, {P2}, {(0; 0; 1)}, {(; 0; 1) |∈Fq;  
=0}, {(0; ; 1) | ∈Fq;  
=0} and {(; % ; 1) |
∈Fq;  
=0} for %∈Fq; % 
=0. In addition, since ’'(; 1; 0)= ('2; 1; 0) we easily get
that {(; 1; 0) |  non-zero square in Fq} and {(; 1; 0) |  non-square in Fq} are orbits
of size (q− 1)=2.
Lemma 5.2. The stabilizer of K in H has order
√
q− 1, therefore #B=√q+ 1.
Proof. As in the proof of Lemma 5.1 we may assume that C : X Y =T 2, P1 = (1; 0; 0)
and P2 = (0; 1; 0), so that H={’' |'∈Fq; ' 
=0}. Then it is easy to see that ’'(K)=K
if and only if '∈F√q, hence the stabilizer of K in H has order √q− 1.
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Now we can prove the following lemma.
Lemma 5.3. Let H be any element of B. Then:
(1) H covers the point O;
(2) H covers all the points in the orbits contained in the line joining P1 and P2;
(3) H covers
√
q− 1 points of the orbit L1\{P1; O};
(4) H covers
√
q− 1 points of the orbit L2\{P2; O};
(5) H covers at least (
√
q − 1)(√q=2 − 2 4√q − 72 ) points in each of the orbits
Ci\{P1; P2} for i∈{2; : : : ; q− 1}.
Proof. We may assume that H=K. Recall that K is a complete arc in PG(2;
√
q).
(1) The point O is covered by K since it belongs to PG(2;
√
q).
(2) The line joining P1 and P2 is a secant of K.
(3) We prove that P∈L1\{P1; O} is covered by K if and only if P∈PG(2;√q). If P
belongs to a secant L of K, then P=L∩L1 and so P∈PG(2;√q); the converse
follows from the completeness of K in PG(2;
√
q).
(4) See the proof of (3).
(5) We assume without loss of generality that C : X Y =T 2, P1 = (1; 0; 0) and P2 =
(0; 1; 0), so that any Ci has equation of type X Y = %T 2, %∈Fq, % 
=0; 1. We also
>x ∈Fq\F√q such that 2 = c∈F√q.
For any given %= %1 + %2, %i∈F√q, % 
=0; 1, we consider the point P%;t := (1 +
t; %=(1 + t); 1), where t∈F√q and %2 − t%1 
=0. Let z1 := (%1 − ct%2)=(1 − ct2) and
z2 := (%2− t%1)=(1− c2), so that %=(1+ t)= z1 + z2. We have that P%; t is covered by
K if and only if there exist ; +∈F√q\{0}, such that  
= + and∣∣∣∣∣∣∣∣
1 + t −  %
1 + t
− 1

+ −  1
+
− 1

∣∣∣∣∣∣∣∣
=0⇔
{−t − +z2 = 0
−1 + + + − +z1 = 0
⇔


+= − t
z2
;
+ +=1− t
z2
z1:
The above condition holds if and only if the polynomial z2,2− (z2− tz1),− t has two
distinct roots, that is if and only if
-(t) := (1− ct2)2((z2 − tz1)2 + 4tz2)
= t4c(c%22 + 4%1)− 4t3c%2(1 + %1) + 2t2(2%21 + c%22 − 2%1)
+ 4t%2(1− %1) + %22
is a non-zero square in F√q.
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To complete the proof of the lemma, we need to prove the following assertion.
Assertion. There are at least 12
√
q− 2 4√q− 72 di6erent t∈F√q such that %2 − t%1 
=0
and -(t) is a non-zero square in F√q.
Proof. Consider the algebraic plane curve Q de>ned over F√q by the equation
y2 = -(x):
We divide the proof into three steps.
Step 1: Q has an absolutely irreducible component de8ned over F√q of genus less
than or equal to 2. Suppose >rst that -(x) is not a square in LF√q[x]. Then Q is
absolutely irreducible. Moreover, if c%22 + 4%1 
=0 then Q is a quartic with P=(0; 1; 0)
as a singular point, otherwise Q is a non-singular curve of order less than or equal
to 3; in both cases the genus of Q is less than or equal to 2. Suppose now that
-(x)= (a1x2 + a2x + a3)2; (1)
with a1; a2; a3∈ LF√q. If %2 = 0, then -(x)= 4%1x2(cx2 + %1 − 1); from Eq. (1) we get
a3 = a1a2 = 0, hence %1 = 1 and %=1, a contradiction. If %2 
=0, again from Eq. (1) we
have a23 = %
2
2, hence a3 = ± %2 and a3 ∈ F√q, a3 
=0. Then, since a2 = (2%2(1− %1))=a3
and a1a3 + a22=2=2%
2
1 + c%
2
2 − 2%1, we get a1; a2; ∈F√q; therefore y= a1x2 + a2x+ a3
is an absolutely irreducible component of Q de>ned over F√q having genus equal
to 0.
Step 2: Q has at least
√
q − 1 − 4 4√q F√q-rational a9ne points. We recall the
statement of Hasse–Weil Theorem [14, p. 170]: Let X be an absolutely irreducible
curve de8ned over Fq of genus g and let N be the number of its Fq-rational places;
then |N − (q+1)|62g√q. Let X be an absolutely irreducible component of Q de>ned
over F√q; since its genus is less than or equal to 2 we have that the number of its
F√q-rational places is at least
√
q + 1 − 4 4√q. Then, since there are at most 2 places
of X centered at points of the line T =0, and since any aMne point of X is simple,
we get the claim.
Step 3: The diPerent values of t such that -(t) is a non-zero square in F√q correspond
to the diPerent x-coordinates of the F√q-rational aMne points of Q belonging neither
to the x-axis nor to the line %2− x%1 = 0. From Step 2, we easily have that the number
of those coordinates is at least 12 (
√
q− 1− 4 4√q− 6)= 12
√
q− 2 4√q− 72 .
As a consequence of the assertion we have that there are at least 12
√
q − 2 4√q − 72
points of type (1+ t; %=(1+ t); 1), belonging to the conic of equation XY = %T 2, that
are covered by K. By considering the images of these points by the collineations ’'
we get that the number of points of X Y = %T 2 covered by K is greater than or equal
to (
√
q− 1)(√q=2− 2 4√q− 72 ), and hence the lemma is proved.
Proof of Theorem 2.6. From Lemma 5.1, for any i∈{2; : : : ; q − 1}, the number of
elements of B that does not cover a >xed point P is constant for P∈Ci\{P1; P2};
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from Lemma 5.3(5) we have that this number is less than or equal to
m′ :=
(#Ci − 2− (√q− 1)(
√
q
2 − 2 4
√
q− 72 ))#B
#Ci − 2 :
A direct calculation gives m′=(
√
q+1)( 12 + ). Therefore, for any P =∈(C∪L1∪L2),
the number of elements of Bl that do not cover P is less than or equal to m′l =
(q+1)l
√
ql( 12 +)
l. Now suppose that there exists P0 =∈(C∪L1∪L2) that is not cov-
ered by any element of Bl; then #Bl¡m′l#(PG(2; q)\(C∪L1∪L2)), and this yields
l¡ log2=(1+2)(q
2 − 2q + 1) since ¡ 12 ; this is a contradiction since 2 = 4=(1 + 2)
and l¿2 log2−2 q. So there exists (K1; : : :Kl)∈Bl such that
⋃l
i=1Ki covers PG(2; q)\
(C∪L1∪L2).
Remark 5.4. The k-arcs obtained in the above proof are not in general almost complete,
since they may not cover some points of the lines L1 and L2. However, it is suMcient
adding any non-covered point of L1 to get a (k + 1)-arc covering L1 as well; if this
new arc is not almost complete, then by adding any non-covered point of L2 we >nally
get an almost complete (k + 2)-arc with k6l(
√
q− 1) + 2.
Remark 5.5. The problem of constructing k-arcs covering almost all the points of the
plane by putting together some elements of B was considered by Ughi in [19]. She
studied the special case q=p2, p ≡ 3 (mod 4), C : X Y =Z2, and her approach was
based on heavy computer-assisted calculations on the algebraic conditions for a point
to be covered by an element of B. For the sake of completeness, we recall here the
main result from [19]:
Proposition 5.6. Suppose q=p2, p ≡ 3 (mod 4), C : X Y =Z2. Then for l¿13 log2√
q+ 9, the union of any l elements of B covers at least g(q) points of PG(2; q)\C,
with limq→∞ g(q)=q2 = 1.
Remark 5.7. In [10] the author proves the existence of almost complete k-arcs in PG
(2; q), with k =6
√
log q
√
q. He uses a probabilistic method, so that no further infor-
mation is known on these arcs. Therefore, to >nd concrete examples of such k-arcs,
one has to check all the subsets of C of size k, which are
(
q+ 1
6
√
log q
√
q
)
:
The almost complete arcs exhibited here are asymptotically bigger, but it is easier
>nding them out. For q odd, Theorem 2.6 implicitly says that the number of tests
needed is less than or equal to
( √
q+ 1
2 log2−2 q
)
:
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For q even, the second proof of Theorem 2.2 is an algorithm for >nding the arc with
2 log2 q steps; the ith step consists on at most ((q + 1)
√
q − i) tests of the following
type: does H∈A cover a >xed set of q2=2i points?
Remark 5.8. In [9], KorchmTaros studies denseness properties of the following subsets
of the conic X Y =Z2: Rs := {(gis; 1=gis; 1) | i=1; : : : ; (q − 1)=s}, where s is a divisor
of (q− 1). He shows that if s is small enough, then Rs covers most of the points of
the plane. We remark that R√q+1 is equal to K, and for q odd R(√q+1)=2 is the union
of two element of B. Then, by using Lemma 4.4, it is easy to show that R(√q+1)=2
covers about 3=4th of the points of PG(2; q)\C.
6. Proof of Theorem 2.7
First of all we remark a few relations concerning !.
Lemma 6.1. (1) !
√
q =!+ 1,
(2) !
√
q+1 =d,
(3) 1! =
(1+!)
d ,
(4) !
√
q−1 = 1d (1 + !+ d).
We let
K1 :=
{(
;
1

; 1
)∣∣∣∣ ∀∈F√q;  
=0
}
;
K2 :=
{(
!;
1
!
; 1
)∣∣∣∣ ∀∈F√q;  
=0
}
;
K3 :=
{(
;
!
√
q−1

; 1
)∣∣∣∣ ∀∈F√q;  
=0
}
;
K4 :=
{(
!
√
q;
1
!
; 1
)∣∣∣∣ ∀∈F√q;  
=0
}
;
so that K=K1∪K2∪K3∪K4. For '∈F√q, ' 
=0, de8ne the following collineations
of PG(2; q):
’'(x; y)=
(
'x;
y
'
)
;  (x; y)=
(
!
√
qy
√
q;
1
!
x
)
; (x; y)= (x
√
q; y):
Lemma 6.2. (1) The group D generated by  and  is a dihedral group of order 8.
(2) The collineations in ’';  , and  8x K!.
Proof. (1) We easily have  4 = 1, 2 = 1 and ( )2 = 1.
(2) From Lemma 6.1 we have that
’' : Ki →Ki ; i∈{1; 2; 3; 4};
 : K1 →K4; K2 →K1; K3 →K2; K4 →K3;
 : K2 ↔K4; K1 →K1; K4 →K4:
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Now we can prove Theorem 2.7.
Proof of Theorem 2.7. We need to show that no three distinct points of K! are
collinear. Observe that K1∪K2 is contained in the conic X Y =T 2, whereas K3∪K4
in the conic X Y =!
√
q−1T 2. Let P1; P2; P3 be distinct points of K!; we have to
distinguish the various cases.
• P1; P2; P3∈K1∪K2 or K3∪K4: These points are not collinear as, in either case,
they belong to an irreducible conic.
• P1∈K1; P2∈K1; P3∈K3:
Let P1=(; 1 ; 1); P2=(+;
1
+ ; 1); P3=(; (!
√
q−1)=; 1) with ; +;  
=0;  
= +.
Suppose they are collinear; so
∣∣∣∣∣∣∣∣
−  !
√
q−1

− 1

+ −  1
+
− 1

∣∣∣∣∣∣∣∣
=0⇔ (+ − )
(
− 
+
− !
√
q−1

+
1

)
=0
⇒ !√q−1 = 
(
− + +
+
)
;
this is impossible because !
√
q−1 =∈F√q (see Lemma 6.1).
• P1∈K1; P2∈K2; P3∈K3:
Let P1 = (; 1=; 1); P2 = (!+; 1=!+; 1); P3 = (; !
√
q−1=; 1) with ; +;  
=0:
Suppose they are collinear; so∣∣∣∣∣∣∣∣
!+ −  1
!+
− 1

−  !
√
q−1

− 1

∣∣∣∣∣∣∣∣
=0⇔ (!+ − )
(
!
√
q−1

− 1

+
c
!+
− 1
!+
)
=0;
since ! =∈F√q we have !+ −  
=0, so
!
√
q−1

− 1

+
c
!+
− 1
!+
=0⇒ +!√q − +!+ 2 − =0
⇒ (from !√q =1 + !)
{
+ + 2 − =0
+ − +=0 ⇒
{
+=0;
= ;
a contradiction.
• Each of the remaining cases can be led back to one of the cases above by acting
with an appropriate collineation of D.
The completeness of K! for 166q61024 has been checked with the aid of the com-
puter, by using the computer algebra package MAGMA.
Remark 6.3. A similar construction has been performed in [3,2] for the case p¿2.
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